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1 Introdution
In a reent paper Brevik, Milton and Odintsov [1℄ alulated the thermal energy assoiated
with several types of quantum elds living in S1× Sd−1 geometries with d = 2, 3. In par-
tiular the thermal energy of a quantum neutral salar eld dened on a one-dimensional
ompat spae at nite temperature (S1 × S1) was found by those authors to depend
quadratially and also linearly on the temperature in the high-temperature limit. Their
result reads
E (β) ≃ 1
24a
(
2πa
β
)2
− 1
2β
, a/β ≫ 1, (1)
where β is the reiproal of the thermal equilibrium temperature T . This expression is in
agreement with the orresponding one obtained by Kutasov and Larsen [2℄ (in the high-
temperature limit) but at variane with the one obtained by Klemm et al [3℄. These last
authors justify their result by arguing that the ontribution of the zero modes beomes
signiant only when the saddle-point approximation does not hold anymore. This dis-
agreement has arisen some doubts onerning the orretness of Brevik et al 's evaluation.
Some other authors also strongly support the neessity to get rid of the zero mode (see, for
instane, [4℄), a ommon pratie also in e.g. zeta funtion regularization. However, it has
been argued by Dowker that the orret result for the thermal energy for this partiular
arrangement of quantum eld and geometry ontains a positive, linearly-dependent term
in the temperature that in the high-temperature limit anels exatly the orresponding
negative term in (1), see [5℄ and referenes therein. This same result an be inferred
from Cardy's analysis of partition funtions for onformal eld theories in higher dimen-
sions [6℄. Besides a fundamental problem onerning the assoiated entropy funtion, this
disagreement may have onsequenes for the Verlinde-Cardy relations [7, 8℄.
The purpose of this brief note is to examine suh questions a little bit further. We will
see that a generalised zeta funtion approah to the problem shows that: (i) there is indeed
a ontribution to the thermal energy of the spatial zero mode as alulated independently
by Dowker [9℄ and Dowker and Kirsten [10℄, and also Cardy [6℄; (ii) though the thermal
energy is independent of the saling mass inherent to zeta funtion regularization, the
free energy and the entropy assoiated with the spatial zero mode depend on the saling
mass; and nally, (iii) that there is no sense in disarding the terms that depend on the
saling mass, sine this would lead to a violation of the fundamental thermodynamial
relations; in fat, these need the inlusion of a dimensionful parameter to go with β and
provide the unit sale in suh a way that the laws of thermodynamis be obeyed by the
thermodynamis of the zero mode. Or, to put it in other words, it does not seem to have
a sense to hoose a partiular, onvenient value of the saling mass at this stage of the
proedure, any suh value being inesapably arbitrary. The full resolution of the problem
an only be obtained after arrying out a ompulsory renormalization proedure whih
2
makes ontat with physial experiment.
2 Zeta funtion approah to the partition funtion
We begin by briey skething a generalised zeta funtion [11℄ approah to the partition
funtion of a quantum salar eld in thermal equilibrium with a heat bath at a xed
temperature β−1.
The zeta funtion for onformally oupled massless salars elds living on a ompat
dR-dimensional manifold at nite temperature reads
ζ
(
s;
∂2 + ξR
µ2
)
= Tr
(
∂2 + ξR
µ2
)−s
= µ2s
∑
λ
(
ω2λ
)−s
, (2)
where ∂2 := ∇2 + ∂2/∂2τ , µ is a saling mass, ξ = (D − 2) /4 (D − 1) is the onformal
parameter and R is the Rii urvature salar. Here D = dR + 1 where dR denotes the
number of dimensions of the manifold. The eigenvalues ω2λ of the Eulidean d'Alembertian
operator are given by
ω2λ =
(
2πn
β
)2
+
(
M2ℓ
a2
)2
, (3)
where, in priniple, n = 0,±1,±2, . . .. Here M2ℓ /a2 denote the eigenvalues of the Laplae
operator on the dR-dimensional manifold. For a bosoni neutral salar eld the partition
funtion an be obtained from the zeta funtion through
log Z (β) =
1
2
ζ ′
(
s = 0;
∂2 + ξR
µ2
)
. (4)
We an separate the innite temperature setor, whih orresponds to n = 0, i.e., the
zero mode assoiated with the ompatied Eulidean temporal dimension, from the nite
temperature setor and at the same time isolate the spatial zero mode in the following
way. Suppose that the spatial zero mode orresponds to ℓ = 0 and the remaining ℓ are
shifted to ℓ + 1 suh that ℓ = 0, 1, 2, . . . with an appropriate degeneray fator taken
into aount. For onveniene, however, suppose initially that the spatial zero mode is
absent. Then taking Eq. (3) into (2), performing a Mellin transform, and making use of
the Poisson sum formula (or Jaobi theta funtion identity)
∞∑
n=−∞
e−n
2πτ =
1√
τ
∞∑
n=−∞
e−n
2π/τ , (5)
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with τ = 4πt/β2, we have
ζ
(
s;
∂2 + ξR
µ2
)
=
µ2s
Γ (s)
∫ ∞
0
dt ts−1
∞∑
ℓ=0
Dℓe
−(M2ℓ /a2)t
∞∑
n=−∞
e−(4π
2n2/β2)t
=
µ2s
Γ (s)
β√
4π
∞∑
ℓ=0
Dℓ
∫ ∞
0
dt ts−3/2e−(M
2
ℓ
/a2)t +
µ2s
Γ (s)
β√
π
∞∑
ℓ=0
Dℓ
×
∞∑
n=1
∫ ∞
0
dt ts−3/2e−n
2β2/4t−M2
ℓ
/a2t, (6)
where Dℓ is the degeneray fator. It is not hard to see that the spatial zero mode an
be taken into aount by onsidering the additional term
ζZ.M.
(
s;
∂2 + ξR
µ2
)
=
µ2s
Γ (s)
β√
π
∞∑
n=1
∫ ∞
0
dt ts−3/2e−n
2β2/4t. (7)
The ontribution of the spatial zero mode as it stands is divergent, the origin of this
divergene being the simultaneous onsideration of two zero modes, the temporal and
the spatial ones. Nevertheless, we an regularise it and extrat its nite ontribution in
several ways. One of this ways is to apply Eq. (5) and disard terms that do not depend
on β or ontribute to the partition funtion with a term whih is linear in β. We obtain
ζZ.M.
(
s;
∂2 + ξR
µ2
)
= 2
(
µβ
2π
)2s
ζR (2s) . (8)
Sine ζR (0) 6= 0, we an expet a saling mass dependene of some or all thermodynamial
quantities assoiated with the spatial zero mode. The derivative at s = 0 reads
ζ ′Z.M.
(
s = 0;
∂2 + ξR
µ2
)
= 4 log
(
µβ
2π
)
ζR (0) + 4ζ
′ (0) . (9)
The last term is linear in β and an be disarded, as we did above (its ontribution an
readily be absorbed in the regularization mass µ).
An alternative way (muh more elegant mathematially) of treating the thermal on-
tribution of the zero mode is to proeed along the lines pioneered in [12℄, that is (in a
nutshell) to use the ordinary formulas of zeta regularization till the end, while `lifting' the
zero modes (e.g. preventing them from beoming zero), both the spatial and temporal
one in this ase, with the help of two small parameters (say ε and η), whih are nally
taken to zero after the whole zeta regularization proess (whih uses the ordinary expres-
sions in the absene of zero modes) has been arried through. This method provides, in
some situations, a justiation of the usual prinipal part presription (see [12℄), and in
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the present ase leads also to a omplete anellation (more than that, it atually avoids
the appearene) of the divergenes that we have just disarded on physial (dimensional)
grounds.
Making use of the integral representation for the modied Bessel funtion of the third
kind [13℄ ∫ ∞
0
dx xν−1e−
a
x
−bx = 2
(
a
b
)ν/2
Kν
(
2
√
ab
)
, (10)
for the temperature-dependent part desribing the non-zero modes, and adding the zero-
mode ontribution, we have
log Z (β) = − β
2a
∞∑
ℓ=0
DℓMℓ − 1
2
log
(
µβ
2π
)
−
∞∑
ℓ=0
Dℓ log
(
1− e−βMℓ/a
)
, (11)
where we have also used the expliit form of K1/2 (z) [13℄. Notie that in this approah
and also in the one desribed in [12℄ there is no temperature dependent pole as in
[9℄. The fator 2π in the denominator of the log term in this equation is fully arbitrary (it
an obviously be absorbed into the µ parameter). It would lak any sense to set µ equal
to a partiular value (say 1, or 2π), as µ learly provides the (regularization) sale.
Equation (11) an be applied to several situations onerning salar onformally ou-
pled elds on a dR-dimensional manifold. The rst term of Eq. (11) is assoiated with the
zero temperature vauum energy, the seond one desribes the thermal orretions due to
the spatial zero mode (when present, if not so, this term has just to be deleted), and the
third one is the thermal ontribution due to real exitations of the onformally oupled
elds on Sd−1. This simple and easy to interpret formula is the result of the generalised
zeta funtion approah used here.
3 The thermodynamis assoiated with the zero mode
We onsider, to start with, the thermodynamis assoiated with the zero mode. First of
all, let us remark that the thermal energy assoiated with the zero mode does not depend
on the saling mass, in fat
EZ.M. (β) = − d
dβ
log ZZ.M. (β) =
d
dβ
log
(
µβ
2π
)
=
1
β
. (12)
On the ontrary, the free energy and the entropy do. The free energy is
FZ.M. (β) = − 1
β
log ZZ.M. (β) =
1
β
log
(
µβ
2π
)
, (13)
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and the entropy reads
SZ.M. (β) = −β2 d
dβ
1
β
log ZZ.M. (β) = − log
(
µβ
2π
)
+ 1. (14)
Sine the thermal energy and the free energy are related by
βF (β) =
∫
E (β) + C, (15)
we see that, in order to have omplete ompatibility between (12) and (13), we must
neessarily hoose C = log (µ/2π). One an also verify, quite easily, that the fundamental
relation between the three quantities above,
S = β (E − F ) , (16)
is atually satised by (12), (13) and (14). These results are in omplete agreement with
the ones obtained by Cardy [6℄, provided that we hoose µ = 2π `in inverse length units'.
Their physial relevane, however, is dubious beause, as we have already advaned and
learly see now, in order to maintain internally onsistent thermodynamis, the need for
a dimensionfull parameter µ is unavoidable and setting it equal to any partiular value
at this stage (that is, setting arbitrarily a mass sale) is not justied. For this reason, in
the following we will leave the zero mode aside (however, we will disuss the eet of its
inlusion a bit later).
4 The high-temperature regime
For onformally oupled salar elds on Sd−1, the relevant ontribution from Eq. (11)
(skipping the zero mode) reads
log Z (β) = −
∞∑
ℓ=0
(ℓ+ 1)d−2 log
(
1− e−β(ℓ+1)/a
)
. (17)
And, also from Eq. (11), the zero temperature vauum energy is
E0 =
1
2a
∞∑
ℓ=0
(ℓ+ 1)d−2 (ℓ+ 1) =
1
2a
ζ (1− d) . (18)
Let us onsider the one-dimensional ompat spae for whih dR = 1 and D = d = 2. In
this ase
E0 =
1
2a
ζ (−1) = − 1
24a
. (19)
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On the other hand, Eq. (??) reads
log Z (β) = −
∞∑
ℓ=1
log
(
1− e−βℓ/a
)
, (20)
where we have shifted the quantum number ℓ by one unit. Sine the thermal energy is
given by
E˜ (β) = − d
dβ
log Z (β) , (21)
one an ombine (19), (20) and (21) to obtain the total energy, in the form
E (β) = E0 + E˜ (β)
= − 1
24a
+
1
a
∞∑
ℓ=1
ℓ
eβℓ/a − 1 . (22)
One an now make use of an appropriate sum formula, say Euler-MaLaurin, Abel-Plana,
or Poisson, in one of its several versions, to evaluate the sum on the rhs of (22). As an
alternative to Euler-Malaurin's formula employed in [1℄, let us onsider here the Abel-
Plana sum formula
∞∑
n=1
f (n) = −1
2
f (0) +
∫ ∞
0
dx f (x) + i
∫ ∞
0
dx
f (ix)− f (−ix)
e2πx − 1 . (23)
A straightforward appliation of this expression, with f (x) = x/
(
eβx/a − 1
)
, leads to
E (β) = − 1
2β
+
1
24a
(
2πa
β
)2
, a/β ≫ 1, (24)
whih is the result obtained in [1℄ and questioned in [5℄. The inlusion of the zero mode
here would have ertainly led, unambiguously, to a anellation of the β−1 dependene.
But this is a very spei feature of the thermal energy, whih is the only thermodynamial
quantity that does not depend on the regularization sale of the zero mode.
Notie that (22) is more appropriate for a low-temperature representation of the en-
ergy, and upon the use of the Abel-Plana sum formula it yields the high-temperature
result. As is well known, this is a property of this kind of sum formulas (starting with the
Jaobi identity), whih relate a series expansion valid for say low values of the relevant
parameter with a orresponding series expansion for large values of the parameter. In
spite of those formulas being identities (both expansions orrespond of ourse to the same
funtion), one should be areful not to mix terms of one of the expansions with terms of
the other one.
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It an be veried preisely that it is the third term in the Abel-Plana formula the one
that exatly anels the zero temperature ontribution. In fat, the ontribution of this
term reads
i
∫ ∞
0
dx
f (ix)− f (−ix)
e2πx − 1 =
∫ ∞
0
dx
x
e2πx − 1 =
1
24
. (25)
Observe also that the result given by (24) is losed, in the sense that the use of the Abel-
Plana sum formula does not allow for exponential orretions, hene it holds only in the
very high temperature regime.
5 The low-temperature regime
We will now onstrut an alternative representation for the thermal energy. Contrary to
what has been done in the preeding setion, through most of the present one we will be
dealing with expressions valid in the high-temperature regime, and towards the end we
will make use of the Abel-Plana formula in order to obtain the desired low-temperature
expansion.
1
In order to obtain, to begin with, a high-temperature representation of the free energy,
we make use of the Poisson sum formula, in the form
∞∑
n=1
f (n) = −f (0)
2
+
∫ ∞
0
dx f (x) + 2
∞∑
n=1
∫ ∞
0
dx f (x) cos (2πnx) , (26)
where here f (x) = log
(
1− e−βx/a
)
. A straightforward appliation of (26) to (20) yields
log Z (β) =
f (0)
2
− I (0)− 2
∞∑
n=1
I (n) , (27)
where
I (n) :=
∫ ∞
0
dx f (x) cos (2πnx) , n = 0, 1, 2, 3, . . . . (28)
The integrals dened by I (n) an be readily evaluated with the help of formulas to be
found in [13℄, and the result is
log Z (β) =
f (0)
2
+
π2a
6β
− β
24a
+
1
2
∞∑
n=1
1
n
coth
(
2π2na
β
)
. (29)
1
Both the high and low temperature expansions an be derived, in a ompletely equivalent but more
diret way, from the representation of Eq. (22) in terms of the normalized Eisenstein series E2(τ) [4, 14℄.
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The ontribution due to f (0) an be expliitly alulated as follows. Expanding the log
as usual we an write
f (x) = − 1
2πi
∫ c+i∞
c−i∞
dαΓ (α) ζ (α+ 1)
(
βx
a
)−α
(30)
where we have made use of the representation
e−s =
1
2πi
∫ c+i∞
c−i∞
dαΓ (α) s−α, s, c real, |s| < 1, c > 1. (31)
In the limit x→ 0 the nite ontribution of f (x) is determined by the double pole of the
integrand in Eq. (30) at α = 0,
lim
x→0
f (x) = f (0) = log
(
β
2πa
)
. (32)
On the other hand, we an also make use of the expansion
coth (x) = 1 + 2
∞∑
p=1
e−2px, x > 0. (33)
As a onsequene, after disarding an unphysial (formally divergent) onstant we end up
with
log Z (β) =
π2a
6β
+
1
2
log
(
β
2πa
)
− β
24a
+
∞∑
p, n=1
1
n
e−4π
2 n p a/β . (34)
It follows that the thermal part of the free energy in this representation is given by
F˜ (β) = − 1
β
log Z (β)
= −π
2a
6β2
− 1
2β
log
(
β
2πa
)
+
1
24a
− 1
β
∞∑
p, n=1
1
n
e−4π
2 n p a/β . (35)
As in the ase of Set. 2, an alternative alulation an be performed using standard
zeta funtion methods ab initio, namely, the transform (31) already in the expansion
of the starting expression (??). The nal result obtained is exatly the same, but the
alulation is very muh shortened and (as before) it avoids at every step the formation
of divergenes.
2
2
We owe K. Kirsten this observation and the orretion of an error in our previous result.
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Notie that our result, Eq. (35), has a log term and therefore does not fulll the
general relations given in [2℄, namely: that the high temperature expansion of the free
energy must have the general form
− F˜ (β) a = ad
(
2πa
β
)d
+ ad−1ad
(
2πa
β
)d−2
+ · · ·+ a0
(
2πa
β
)0
+O
(
e−4π
2a/β
)
, (36)
the oeients of this expansion satisfying the relation
d/2∑
k=0
(−1)k (2k − 1) a2k = 0. (37)
If not for the log term, these relations would be fulled. Observe, however, that there
would not be an immediate anellation of the log term if we had inluded the zero mode
ontribution. In fat, the mathing of the zero mode term, log
(
µβ
2π
)
, with the one, with
opposite sign, oming from the high-T limit, -log
(
β
2πa
)
, is not a triviality. On the ontrary,
it has a very deep meaning: it takes plae if and only if we presribe that the regulating
mass-dimensional parameter be set exatly equal to the inverse of the ompatiation
length, µ = 1/a. This may ertainly be viewed as a most natural hoie and a physially
meaningful one being 1/a the only arateristi dimension in our model but even
then, this is no substitute for the pertinent renormalization proedure.
The total free energy is
F (β) = E0 + F˜ (β) = −π
2a
6β2
− 1
2β
log
(
β
2πa
)
− 1
β
∞∑
p, n=1
1
n
e−4π
2 np a/β . (38)
The total energy reads
E (β) =
d
dβ
(βF (β)) =
π2a
6β2
− 1
2β
− 4π
2a
β2
∞∑
p, n=1
p e−4π
2n p a/β , (39)
and an be summed over n to yield the high temperature representation
E (β) =
π2a
6β2
− 1
2β
− 4π
2a
β2
∞∑
p=1
p
e−4π2pa/β − 1 . (40)
If we now, as before, make use of the Abel-Plana sum formula (23), we obtain
E (β) = − 1
24a
, a/β ≪ 1 . (41)
Notie that, as anouned above, we have here started from a high-temperature represen-
tation for the energy and now, upon the use of the Abel-Plana sum formula, we obtain the
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energy in the zero-temperature limit, a proedure that an be onsidered the reiproal of
the one employed in Ref. [1℄. Notie also that in the Abel-Plana formula, the rst term
leads to the zero temperature term, the seond anels out the linear ontribution and
the third one anels out the Stefan-Boltzmann term.
6 Final remarks
In this brief analysis, we have foused on the possible ontribution of the spatial zero
mode to the thermal energy of a salar eld in a S1× S1 geometry. We have shown that,
though the thermal energy does not depend on the saling mass µ, the partition funtion,
the free energy and the entropy do depend on the hoie of value for this parameter. The
important obstrution to be irumvented is to satisfy the third law of thermodynamis
for, as it stands, the entropy (14) assoiated with the spatial zero mode diverges in the
zero temperature limit, a fat also notied in [1℄. It was argued in [9℄ that the saling
mass an be redened. Unfortunately, any tentative of redening the saling mass, that
is, of eliminating the saling mass dependene from (14), will lead to lear ontraditions
among the thermodynamial relations linking the basi quantities (12), (13) and (14). In
fat, the saling mass parameter annot be made disappear. At most, it an be traded
for a harateristi mass or inverse length of the system onsidered (here 1/a, the inverse
ompatiation radius). A subsequent renormalization proedure seems inesapable,
whih makes ontat in the end with physial reality.
Let us point out that, although we have here onsidered a very simple model, in order
to keep all terms under easy ontrol and render the argument lear, the results obtained
are valid under muh more general irumstanes, aeting very general physial systems
that develop zero modes. The treatment has been that of (a natural extension of) the
zeta funtion regularization presription.
To sum up, only if one restrits the analysis to the thermal energy and nothing
else an one avoid the situation here presented, sine this is the only thermodynamial
quantity that does not depend on the saling mass. It would seem, thus, that oherene
fores one to set the zero mode and its thermodynamis aside. Notie also that the thermal
energy, the entropy and the free energy of the zero mode do not expliitly depend on the
radius (or harateristi ompatiation length) of the manifold. This means that (at
least at the one-loop level) their ontribution to any isothermal proess e.g., the only
ones permitted if the system is in thermal equilibrium with a heath bath will not be
physially observable. But this onsideration would be ompletely reversed if the neessity
for setting in fat µ = 1/a would prevail in the end (as one of the fations in the already
mentioned ontroversy tend to support), and this would open the door to an experimental
manifestation of the zero mode and to the possibility of answering in the armative the
11
important question of the ontroverted physial relevane of these zero modes. In that
sense, a ne experimental validation of Eq. (24) would be ruial (presene or absene of
the linear dependene). For what we have seen, this would imply, neessarily, the breaking
of the thermodynamial relations and the neessity of reformulating the third priniple in
the quantum eld theory domain.
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